
SECOND ORDER  DIFFERENTIAL EQUATIONS (examples) 

 

 

1. Solve the differential equation:        y``= x + sinx 

 

Solution: 
 

                y``= x + sinx                replacement  y`= p                  y``= p` 

   

 p` = x + sinx 
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2.  Find general integral  for equation: y``+ 2yy`
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=0 

 

Solution: 
 

                       y``+ 2yy`
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For p = 0 , we  immediately get a solution:  y '= 0                y = c (constant) 
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3. Find general integral  for  equations: 

 

a) y`` - 3y` + 2y = 0 

 

b) y`` - 2y` + y = 0 

 

c) y`` - 2y` +2y = 0 

 

d) y
IV

 –5 y`` + 4y = 0 

 

 



Solution: 
 

First,we solve the characteristic equation (see theory). 

 

Take heed:  In characteristic equation we can use replacement p  or   r   or  λ  or same other letter! 

 

You do the same as your professor! 

 

 

a) y`` - 3y` + 2y = 0        
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b)         y`` - 2y + y = 0          
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c)       y`` - 2y` +2y = 0 
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4.   Find a general integral  for  equation:      y`` - y = x
2
 + 1 

 

 

Solution: 

 

 

First, find the solution  of homogeneous equation: 

 

                                  y`` - y = 0      
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We will use the method of undetermined coefficients in this case. 
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5.   Solve the differential equation:    
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Solution: 
 

Find a solution corresponding homogeneous equation. 
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 Here we will use method variation of parameters: 

 

  c1=c1(x)        and      c2=c2(x)     post system:  
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6. Solve the differential equation: y`` - 2y` +2y = e
x 
sinx 

 

Solution: 
 

                        y`` - 2y` +2y =0 

 

p
2
  - 2p + 2 = 0 

ipip
ii

p −=+=⇒
±

=
±

= 1,1
2

)1(2

2

22
212,1  

 

                        xecxecy xx

H sincos 21 +=   
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7.    Determine the particular solution  for differential equations:     x
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y``- xy`+ y = 2x 
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method variation of parameters: 
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Next we will find required particular solution: 
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8. Solve the differential equation:       (x – 1 )
2
y``- 2(x – 1)y` + 2y = (x – 1 )

2 

 

 

Solution: 

 

 

This is also Euler's equation, replacement is    x – 1 = e
t
 ,                                  y`=

t

t

e

y`
;  y``=

t

tt

e

yy
2

`` −̀
 

 

(x – 1 )
2
y``- 2(x – 1)y` + 2y = (x – 1 )

2
 

 

t

tt

tt

t

ttt ey
e

y
e

e

yy
e 2

`

2

```
2 22 =+−

−
 

 
t

tttt eyyyy 2```` 22 =+−−  

 
t

ttt eyyy 2``` 23 =+−    

 

 

023 ``` =+− ttt yyy  

 

p
2
  - 3p + 2 = 0 

 

1,2
2

13
212,1 ==⇒

±
= ppp  

 
tt

t ececHy 2

21)( +=                                      c1=c1(t)        and        c2=c2(t) 

 

0`` 2

21 =+ tt ecec               all divide with  e
t
                  

ttt eecec 22

21 `2` =+  

 

 



0`` 21 =+ tecc                   multiply this equation with (-1) 
tt eecc =+ 21 `2`  

 

0`` 21 =−− tecc  
tt eecc =+ 21 `2`  

 
tt eec =`

2  

 

1`

2 =c          

 

∫= dtc 12     So:   22 dtc +=   one solution 

 

0`` 21 =+ tecc  

 
tecc 21 `` −=   pa je  tec −=1̀                                  11 dec t +−=  

 

We find  values : 22 dtc +=   and  11 dec t +−= ,   that  we will return in homogeneous solution: 

 
tt

t ececHy 2

21)( +=  

 

yt= 
tt ede )( 1+− + tedt 2

2 )( +  

 

yt = - e
2t
 + d1e

t 
+ te

t 
+ d2e

2t
 

 
tttt

t eteededy 222

21 −++=                                   x – 1 = e
t
       or   as we know   t = ln(x-1) 

 
222

21 )1()1ln()1()1()1( −−−−+−+−= xxxxdxdy        this is a general solution 

 

 

 

 

 

9. Solve the differential equation: xy``-(x+1)y`+ y = 0 if you know one particular solution y1=e
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To remind you a little theory: 

 

 

 



 

 

Equation that has the form :   y``+ a(x)y`+b(x)y=f(x) 
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y(x) = c1 y1(x) + c2 y2(x) 
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